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Abstract
During the last years, one had to combine the proposal about how quasinormal frequencies
are related with black holes and the proposal about the adiabatic invariance of black holes
in order to derive the quantized entropy spectrum and its minimum change for several black
holes. In this letter we exclusively utilize the statement that the black hole horizon area is
an adiabatic invariant and derive an equally spaced entropy spectrum of a black hole with
its quantum to be equal to the one given by Bekenstein. Interestingly, in our approach no
concept of quasi-normal mode is needed.
It has been almost forty years since Bekenstein showed that black hole entropy is proportional
to its horizon area as well as that the horizon area is quantized in units of l2p [1]
1. Additionally,
Bekenstein proved that the quantum of the black hole horizon is given as [5]
(∆A)min = 8pil
2
p . (1)
Futhermore, Bekenstein showed that the black hole horizon area can be considered as an adia-
batic invariant [6, 7, 8, 9] 2. Later on, Hod proposed that if one employs Bohr’s correspondence
principle, then the real part of quasinormal frequencies of a black hole uniquely fixes the quan-
tum of the black hole area spectrum [13, 14]. In 2002, Kunstatter combined the proposal by
Bekenstein for the adiabaticity of the black hole horizon area and Hod’s proposal for the relation
between the quasinormal frequencies, and proved that the entropy spectrum of a d-dimensional
black hole is quantized and derived the quantum of the horizon area which is proportional to the
logarithm of a yet-to-be defined integer [15]. The specific result for the horizon area quantum
is in agreement with that given by Hod [13] as well as by Bekenstein and Mukhanov [16]. It
should be noted that since the area quantum is proportional to the logarithm of an undefined
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1It is noteworthy that the quantization of the black hole horizon in units of l2p was also later confirmed by
several different approaches (see for instance [2, 3, 4]).
2Following a different analysis, Barvisky, Das, and Kunstatter also showed that the black hole horizon area is
an adiabatic invariant [10, 11, 12].
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integer, one can give a statistical description to the black hole entropy and hence it is expected
the integer to be specified by the yet-to-be found underlying microscopic theory3. In 2007,
Maggiore provided a new interpretation of the black hole quasinormal frequencies in connection
to the quantum of black hole horizon area [18]. In particular, his proposal was based on the
statement that perturbed Schwarzschild black holes have to be regarded as damped harmonic
oscillators whose frequencies are complex, i.e. contain both real and imaginary parts. Thus, one
should now be interested in the absolute values of the complex quasinormal mode frequencies
while in Hod’s work one was interested only for the real parts of the frequencies. In addition,
Maggiore stated that the most interesting case is that of highly excited quasinormal modes for
which the imaginary part is dominant compared to the real part. Following this new interpre-
tation for the black hole quasinormal frequencies and the black hole property of adiabaticity, it
was later showed that the entropy spectrum of a Kerr black hole 4 is also quantized evenly and
the quantum of the Kerr black hole horizon area is exactly the same with the one derived by
Bekenstein [22, 23] 5.
In this work we discuss the entropy spectrum and the horizon area quantum by proposing a
new approach. In particular, we derive the entropy spectrum and the horizon area quantum
utilizing solely the adiabaticity of black holes. Then using the Bohr-Sommerfeld quantization
rule the entropy spectrum is derived. It is noteworthy that there is no use at all of the quasinor-
mal frequencies to obtain our findings. The resulting black hole entropy spectrum is equidistant
and the corresponding horizon area quantum is identical to Bekenstein’s result (see equation (1)).
We start by considering an adiabatic invariant quantity of the form
∫
pidqi =
∫ ∫ pi
0
dp′idqi =
∫ ∫ H
0
dH ′
q˙i
dqi (2)
where pi is the conjugate momentum of the coordinate qi with i = 0, 1 for which q0 = τ and
q1 = r. Here, τ is the Euclidean time and we have adopted the Einstein summation convention.
In addition, for the last step of equation (2) we have implemented Hamilton’s equation q˙i =
dH
dpi
where H stands for the Hamiltonian of the system under study. For the specific case of a black
hole, the Hamiltonian H is the total energy of the black hole.
Then we rewrite the expression of equation (2) in terms of τ and r coordinates
∫
pidqi =
∫ ∫ H
0
dH ′
r˙
dr +
∫ ∫ H
0
dH ′dτ . (3)
Now in order to calculate the adiabatic invariant quantity as given in equation (3) for a black
hole, let us consider the general class of a static, spherically symmetric spacetime of the form
ds2 = −f(r)dt2 +
dr2
g(r)
+ r2dΩ2 (4)
where the location of the black hole horizon, namely r = rh, is given by equation f(rh) = g(rh) =
0. To obtain the quantity r˙ that appears in equation (3) we consider the radial null paths 6.
3In the framework of Loop Quantum Gravity, several attempts to compute the undefined integer have been
performed [17].
4The quasinormal frequencies of a Kerr black hole have been derived analytically [19, 20] as well as numerically
[21].
5For other approaches towards this direction, see [24, 25, 26, 27].
6 It should be mentioned that a black hole and a particle are a priori distinct systems. Adiabatic invariants
are quantities which vary slowly compared to changes due to external perturbations. In our analysis, the external
influence that induces changes to the black hole but leaves the horizon area unaffected is the particle [28].
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Since in equation (3) τ stands for the Euclidean time, we first Euclideanize the metric, given in
equation (4), by using the transformation t→ −iτ . This leads to
ds2 = f(r)dτ2 +
dr2
g(r)
+ r2dΩ2 . (5)
The radial null paths (ds2 = dΩ2 = 0) are now written as
r˙ ≡
dr
dτ
= ±i
√
f(r)g(r) ≡ R±(r) (6)
where the positive (negative) sign denotes the outgoing (incoming) radial null paths. Henceforth,
our subsequent analysis will focus on the outgoing paths, since these are the ones related to the
quantum mechanically nontrivial features under consideration [29].
Now, we employ equation (6) and it is straightforward to show that
∫ ∫ H
0
dH ′dτ =
∫ ∫ H
0
dH ′
dr
R+(r)
=
∫ ∫ H
0
dH ′
dr
r˙
(7)
and thus the adiabatic invariant quantity given by equation (3) now reads
∫
pqidqi = 2
∫ ∫ H
0
dH ′dτ . (8)
In order to perform the τ -integration, we first note that τ has periodicity 2pi
κ
, where κ is the
surface gravity of the black hole
κ =
1
2
√
f ′(rh)g′(rh) . (9)
However, since we are considering only the outgoing paths the integration limit for τ will be
0 ≤ τ ≤ pi
κ
and hence the adiabatic invariant quantity reads
∫
pqidqi = 2pi
∫ H
0
dH ′
κ
. (10)
It is known that the temperature of a black hole is proportional to the surface gravity of the
horizon
Tbh =
h¯κ
2pi
(11)
and thus the adiabatic invariant quantity given in equation (10) becomes
∫
pqidqi = h¯
∫ H
0
dH ′
Tbh
= h¯Sbh (12)
where in the last step we have exploited the first law of black hole thermodynamics
∫ H
0
dH
Tbh
= Sbh . (13)
Finally, implementing the Bohr-Sommerfield quantization rule
∫
pqidqi = nh (14)
in equation (12), we derive the black hole entropy spectrum 7
Sbh = 2pin where n = 1, 2, 3, . . . (15)
7From a different perspective, this spectrum was also derived from Barvinsky and Kunstatter, and, indepen-
dently, from Kastrup [30, 31, 32].
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and it is evident that the spacing in the entropy spectrum is given by
∆Sbh = S(n+1)bh − S(n)bh = 2pi . (16)
Therefore, the entropy spectrum is quantized and equidistant for a spherically symmetric static
black hole.
At this point some comments are in order. Firstly, in the framework of Einstein’s theory of
gravity, black hole entropy is proportional to the black hole horizon area [5]
Sbh =
A
4l2p
. (17)
It is evident that if we employ the spacing of the entropy spectrum given in equation (16), the
quantum of the black hole horizon area is of the form
∆A = 8pil2p . (18)
This is identical to the area quantum derived by Bekenstein (see equation (1)).
Secondly, it should be stressed that although the present analysis was developed in a static and
spherically symmetric black hole spacetime, the entropy/area quantization of a rotating black
hole can also be discussed in this context. It is well known that the near-horizon theory of a
black hole is mainly governed by a (1 + 1)-dimensional metric whose form is just the (t − r)-
sector of the metric given in equation (4) 8. Since the radial null path depends only on the
(t − r)-sector, it is evident that for the rotating case one will find exactly the same path with
that given in equation (6). The only constraint here is that we are working in the near-horizon
regime. However, this is not a problem since the interesting quantum black hole phenomena are
those related to near-horizon effects. Thus, up to equation (16) the approach will be the same
for the case of a rotating black hole. Therefore, the spacing in the entropy spectrum of a Kerr
black hole will be equal to the one given in equation (16).
Thirdly, it may be interesting to give a connective discussion between the work of Bekenstein
[9] and our present work. Bekenstein proved that if a particle of a specific relativistic energy
moves along the radial path and is absorbed by a non-extremal black hole from the classical
turning point ( dr
dτ
= 0), the horizon area remains invariant and hence it is an adiabatic invariant
quantity. On the other hand, if the energy is larger than the specific value of the relativistic
energy, the area cannot be treated as an adiabatic invariant quantity. Therefore, one can always
hope to discuss the quantization of black hole in the spirit of the old quantum theory. Here we
discussed the entropy/area quantization utilizing this spirit. We started with a formal classical
adiabatic invariant quantity. This consisted of two parts which were shown to be equal by using
the outgoing radial path. The explicit calculation revealed that the quantity is proportional to
the entropy of the black hole. Then using the Bohr-Sommerfeld quantization rule the spectra
of entropy and area were obtained.
Lastly, in more general theories of gravity that lay beyond the regime of validity of Einstein’s
gravity, entropy is a function of the area of the black hole [34, 35]
A = F (Sbh) (19)
and the corresponding quantum of the black hole horizon area now reads
∆A =
∂F
∂Sbh
∆Sbh = 2pi
∂F
∂Sbh
. (20)
8A detailed analysis for the case of Kerr-Newman black hole is given in [33].
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If the horizon area, A, is not proportional to black hole entropy, Sbh, as it is in the case of
Einstein’s gravity, then the quantum of the horizon area is not a constant and so the horizon
area spectrum is not evenly spaced though the entropy spectrum is. As an example, we consider
the black hole entropy of the form
Sbh =
A
4l2p
+ α lnA (21)
where the constant α is equal to −32 in the context of Loop Quantum Gravity [36], or α is related
to the trace anomaly [37, 38]. The corresponding quantum of the horizon area will be of the
form
∆A =
∂A
∂Sbh
∆Sbh =
8pil2p
1 +
4l2p
A
≃ 8pil2p(1−
4l2p
A
) (22)
and it is easily seen that the black hole horizon area spectrum is not evenly spaced.
To conclude, we have derived the entropy spectrum for the more general class of spherically
symmetric static black holes as well as its corresponding horizon area quantum by proposing a
new approach in the context of adiabatic invariant quantities. In particular, Hod’s proposal (or
Maggiore’s proposal) about black hole quasinormal frequencies has not been employed in this
analysis. It is noteworthy that the obtained black hole entropy spectrum is evenly spaced while
the quantum of the horizon area is exactly the same with Bekenstein’s result. The approach is
general enough to include other types of black hole spacetimes.
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